In this paper we give a general theorem that describes necessary and sufficient conditions for a module to satisfy the so-called Kadison-Dubois property. This is used to generalize Jacobi's version of the Kadison-Dubois representation to associative rings. We apply this representation to obtain a noncommutative algebraic and geometric version of Putinar's Positivstellensatz. We finish the paper by answering questions given by Marshall and Jacobi.
Introduction
The Kadison-Dubois representation has a remarkable history, starting from functional analytic proofs by Kadison [Kad] and Dubois [Du1] . Later algebraic proofs were discovered by Krivine [Kr1] [Kr2] and Becker & Schwartz [BS] (for commutative associative rings) and Cimprič [Cim1] (for noncommutative associative rings) giving representation spaces useful for applications in real algebraic geometry.
The representation has found fruitful applications in real algebra and real algebraic geometry: for instance in the theory of orderings of higher level (see Becker [Be1] , Powers [Po1] [Po2] and Cimprič [Cim2] ), in studying sums of squares of polynomials (Marshall [Ma1] [Ma2] ) and the moment problem (Powers & Scheiderer [PS] ). Wörmann [Wö] used the representation to reprove and generalize Schmüdgen's Positivstellensatz [Schm] , while Cimprič [Cim1] used his version of the representation to get an algebraic version of Schmüdgen's Positivstellensatz for noncommutative rings. Jacobi [Jac1] [Jac2] generalized the Kadison-Dubois representation in the case of commutative rings. Using the improved representation he gave an algebraic proof of Putinar's Positivstellensatz [Pu] . For recent developments in this area see Jacobi & Prestel [JP] , Marshall [Ma1] [Ma2], Prestel & Delzell [PD] and Powers & Scheiderer [PS] .
Dubois [Du2] used the representation as a commutativity theorem. Therefore it is natural to ask whether Jacobi's version generalizes to associative rings. We prove this extension in Section 3 using a general theorem that describes necessary and sufficient conditions for a module to satisfy the so-called Kadison-Dubois property. Following Cimprič [Cim1] we use our representation to prove an algebraic version of Putinar's Positivstellensatz. This and geometric aspects are discussed in Section 4.
The most general version of the Kadison-Dubois representation for commutative rings is due to Marshall [Ma2] . It is a common extension of the classical version of Becker & Schwartz and the variant given by Jacobi. In the last section we answer a question given by Marshall concerning a possible generalization of his version of the Kadison-Dubois representation. We also answer a question given by Jacobi.
Basic Definitions
Let A be a unital ring (not necessarily commutative or associative). By going to the tensor product A ⊗ Z Q, we are immediately reduced to the case where A contains Q. For details, see [Du1] or [Ma2] .
Definition: A subset P ⊆ A is a preprime if P + P ⊆ P , P · P ⊆ P , Q 0 ⊆ P and −1 ∈ P . A preprime P ⊆ A is generating if
A module M is said to be archimedean if for every a ∈ A there exists n ∈ N such that n−a ∈ M . We call a module M complete if it is equal to its infinitesimal hull Arch(M ) := {x ∈ A | ∀ n ∈ N : 1 + nx ∈ M }. Set I(M ) := Arch(M ) ∩ − Arch(M ).
Notation: For any subset S ⊆ A, let A 2 (S) denote the set of all permuted products of elements a 1 , a 1 , . . . , a n , a n , s 1 , s 2 , . . . , s m for a i ∈ A, s j ∈ S and m, n ∈ N 0 . For simplicity, put A 2 := A 2 (∅). We write A 2 (S) for the set of all finite sums of elements of A 2 (S).
Definition: A preprime P satisfying A 2 (P ) = P is called a preordering.
As we will see in Section 3, the question whether a module M satisfies the conclusion of the classical Kadison-Dubois representation is actually a question about Arch(M ). We list some properties of Arch(M ) in the following proposition.
Proposition 1: If P is a preprime and M an archimedean P -module, then Arch(M ) is a complete archimedean P -module containing M . Moreover, if P is generating (e.g. a preordering), then I(M ) ⊆ A is an ideal.
Proof. Pick a, b ∈ Arch(M ) and an arbitrary positive integer n. Then 1 + 2na ∈ M and 1 + 2nb ∈ M . Since M is additive, 2 + 2n(a + b) = 2 1 + n(a + b) ∈ M . This gives
Hence ap, pa ∈ Arch(M ). Assume −1 ∈ Arch(M ). Then 1 + 2(−1) = −1 ∈ M , which is a contradiction. This shows that Arch(M ) is an archimedean P -module containing M . Assume a ∈ Arch(Arch(M )) and let n ∈ N be arbitrary. Then 1 + (n + 1)a ∈ Arch(M ) and (n + 1)(1 + na) = 1 + n 1 + (n + 1)a ∈ M, hence 1 + na ∈ M . This implies a ∈ Arch(M ). Fot the last statement, note that
As P is generating, P −P = A, and thus A·I(M ) ⊆ I(M ) and I(M )·A ⊆ I(M ).
3. Jacobi's representation for associative rings Notation: Let Hom(A, R) denote the set of all unital ring homomorphisms A → R. For any subset S ⊆ A write
For a ∈ A and M ⊆ A let a denote the function X(M ) → R sending ϕ → ϕ(a). As usual, we endow X(M ) with the weak topology with respect to all mappings a.
Definition: Let T be a preprime and M a T -module. We say that M satisfies the Kadison-Dubois property (KDP) if X(M ) is compact and the following implication holds true:
The following proposition was proved in [Ma2, 1.4 Proposition]; it relates the KDP with the usual form of the Kadison-Dubois representation. Note that Marshall's proof carries over to the noncommutative (or even nonassociative) case.
The original version of the Kadison-Dubois representation stated that M satisfies KDP if T is an archimedean preprime. For commutative rings this has been improved by Jacobi (M satisfies KDP if T is a preordering and M is archimedean) and later by Marshall (M satisfies KDP if T is a weakly torsion preprime and M is archimedean).
First we give a general theorem that gives a necessary and sufficient condition for a module to satisfy KDP. We then use this theorem to prove the noncommutative version of Jacobi's representation. 
On the other hand, for any ϕ ∈ X(M ) and x ∈ Arch(M ) we have ϕ(1 + nx) 0 for all n ∈ N. Since ϕ is a unital ring homomorphism, this shows ϕ(x) 0, hence ϕ ∈ X(Arch(M )). In particular, X(M ) = X(Arch(M )) is compact. It remains to be seen that
r for some positive r ∈ Q. In other words, a − Before proving the noncommutative generalization of Jacobi's representation, we need a proposition. It is a rather easy generalization of a similar result in the commutative setting. Therefore we refer the reader to [Ma1, 3.3.4 Corollary] for a proof.
Proposition 4: Let A be a finitely generated Q or R-algebra and T a preordering. Let {x 1 , . . . , x n } be a generating set for A. Then a T -module M is archimedean iff there is some
Theorem 5: Let A be a unital associative ring, T a preordering and M an archimedean T -module. Then M satisfies KDP.
Proof. We split the proof into two claims.
Claim 1: For all x, y ∈ A we have [x, y] := xy − yx ∈ I(M ). Take any x, y ∈ A. Since the statement involves only two elements, we may assume A is finitely generated as a Q-algebra by {x, y}. Since M is archimedean, there is some 
Throughout this section we fix the following setting: A = R[x 1 , . . . , x n ] is a finitely generated (not necessarily commutative) R-algebra and S := {g 1 , . . . , g s } ⊆ A. Let T S and M S denote the preordering, respectively A 2 -module, generated by S. Moreover, K S denotes the set of all maximal orderings of A containing S. The following result, which is an algebraic version of Schmüdgen's Positivstellensatz, was proved in [Cim1] .
Theorem 6: If Sper S (A) is an archimedean preordering, then T S is archimedean and for all
As in the commutative case, we can ask whetherf | K S > 0 implies f ∈ M S under the conditions of the theorem. Because this is known to fail even in the commutative case (see [JP] [Ma1]), Putinar's Positivstellensatz gives necessary and sufficient conditions for this to hold. We can generalize this theorem to the associative case. 
which shows that M S is archimedean.
We now turn to geometric aspects. For this we introduce a topology on the real spectrum.
Definition: For a ∈ A define U (a) := {P ∈ Sper A | − a ∈ P }. Then {U (a) | a ∈ A} is a subbasis for the spectral topology on Sper A.
If S is a subset of A, then there is a canonical embedding X(S) → Sper A mapping ϕ → ϕ −1 (R 0 ). We identify X(S) with its image in Sper A. We say that A has the Artin-Lang (A-L) property if X := Hom(A, R) is nonempty and dense in Sper A in the spectral topology. Note that the most known examples of algebras with the A-L property are affine commutative R-algebras. Cimprič [Cim1] observed that the quantum polynomial rings A q := R X, Y /(XY − qY X) for q < 0 also have the A-L property. In Proposition 10 we give another family of noncommutative rings satisfying the A-L property.
The next theorem is the geometric version of Putinar's noncommutative Positivstellensatz.
Theorem 8: Assume A has the A-L property and X(S) = ∅. Then the following statements are equivalent:
(1) M S is archimedean.
(2) X(S) is compact and for all f Proposition 10: Finitely generated PI-algebras over R have the A-L property.
Proof. Let A be a finitely generated PI-algebra over R and P ∈ Sper A. Then A/P 0 is a totally ordered PI-domain and must be commutative by a theorem of Albert [Al] . Now Proposition 9 finishes the proof.
Example: Typical examples of PI-algebras are full matrix algebras over commutative rings and their subalgebras. An example with nonempty real spectrum is the R-algebra U n (R) of all upper triangular n × n matrices over R.
Counterexamples and Examples
Definition: If P is a preprime, then a P -module S with the properties S ∪ −S = A and S 0 is a completely prime ideal is called a P -semiordering.
In [Jac1] [Jac2] Jacobi proved that a maximal P -module S over a generating preprime P on a commutative associative ring A satisfies S ∪−S = A (see [Jac1, 1.2 Proposition] and [Jac2, Proposition 1]). This need not hold if A is not commutative or if A is commutative, but not associative.
Example: Let A := M n (Q) be the ring of all n × n matrices over Q. Write T for the set of all matrices containing only nonnegative entries. Then T is a generating preprime since Q 0 − Q 0 = Q. We claim that T is a maximal proper T -module. If not, then there exists a proper T -module S T . Every x = (x ij ) ∈ S\T has at least one negative entry. Assume x ij < 0 and write e ij (i, j = 1, . . . , n) for the n × n matrix units. Then e ii xe jj = re ij ∈ S for some r < 0. After normalizing, −e ij ∈ S. By using the well known identity e ij e k = δ jk e i from matrix theory, we get −e ij e j = −e i ∈ S and thus −e i e i = −e ∈ S for all = 1, . . . , n. So −1 = −e 11 − · · · − e nn ∈ S, a contradiction. Thus T is a maximal proper T -module, but T ∪ −T = A.
Example: Let A ⊆ M 2 (Q) be the ring of all symmetrical 2 × 2 matrices over Q with the usual addition and Jordan multiplication {a, b} := 1 2 (ab + ba) for a, b ∈ A.
Note that A is commutative, but not associative. Write T for the set of all symmetric 2 × 2 matrices containing only nonnegative entries. As before, T is a generating preprime. We claim that T is a maximal proper T -module. If not, then there exists a proper T -module S T . Every x ∈ S\T has at least one negative entry. For later use we record the following identities (a, b, c ∈ Q): a c c b ,
a c c b ,
Now let x = a c c b ∈ S\T . We distinguish three cases. If c < 0, then after using (1) and (2), we get 0 c/2 c/2 0 ∈ S. After normalizing and using (3) we obtain a contradiction
If c 0 but a < 0, use (1) and then (3) to reduce this case to the previous one. Similarly, if c, a 0 but b < 0, use (2) and (3) to obtain the situation from the first case. Thus T is a maximal proper T -module, but clearly T ∪ −T A.
Remark: Using a theorem of Cimprič [Cim3] , it is possible to show that in an associative ring A, a maximal module S over a preordering P is a P -semiordering. In particular, it satisfies S ∪ −S = A.
In [Jac1] Jacobi conjectured that a P -module S satisfying S ∪−S = A for a preordering P on a commutative ring A need not be a P -semiordering (i.e. S 0 is not necessarily a prime ideal).
Example: Take n ∈ N and define A := R[X]/(X n+1 ). We write x for the image of X in A. Every nonzero element a ∈ A has a unique representation as a = a k
where a k , a m = 0 and k m n. Let T := {a ∈ A | a k > 0} ∪ {0}. It is easy to see that T is a preordering of A, T ∪ −T = A, but T 0 = {0} is clearly not a prime ideal.
We now turn to a question given by Marshall. In [Ma2, 1.6 Example] Marshall gives an example of an archimedean module over a preprime that does not have the Kadison-Dubois property (actually his example contains a subtle error that can be easily corrected). But the preprime turns out to be small; it is not generating. In [Ma1, 5.1.7 Remark] Marshall asked whether archimedean modules over generating preprimes have the Kadison-Dubois property. The next example shows this is not the case.
Example: Let A := Q[X] and T := {a 0 + a 1 X + · · · a n X n ∈ A | a 0 0 a 1 }. Clearly, Q 0 ⊆ T and T + T ⊆ T . If a(X) := a 0 + a 1 X + · · · a n X n ∈ T and b(X) 6 Example] to prove that X(M ) contains only one point, namely the ring homomorphism A → R sending X → 0. Then g := 1 + 2X satisfies g| X(M ) > 0 but g ∈ M . However, using Theorem 3 it is even easier to prove that M does not satisfy KDP. Clearly, M = Arch(M ) and 1+X ∈ M , but (1+X) 2 = 1+2X +X 2 ∈ M .
